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Abstract
We analyze the electromagnetic-gravity interaction in a pure Horˇava-Lifshitz framework. To
do so we formulate the Horˇava-Lifshitz gravity in 4 + 1 dimensions and perform a Kaluza-Klein
reduction to 3 + 1 dimensions. We use this reduction as a mathematical procedure to obtain the
3+ 1 coupled theory, which at the end is considered as a fundamental, self-consistent, theory. The
critical value of the dimensionless coupling constant in the kinetic term of the action is λ = 1/4.
It is the kinetic conformal point for the non-relativistic electromagnetic-gravity interaction. In
distinction, the corresponding kinetic conformal value for pure Horˇava-Lifshitz gravity in 3 + 1
dimensions is λ = 1/3. We analyze the geometrical structure of the critical and noncritical cases,
they correspond to different theories. The physical degrees of freedom propagated by the noncritical
theory are the transverse traceless graviton, the transverse gauge vector and two scalar fields. In
the critical theory one of the scalars is absent, only the dilaton scalar field is present. The gravity
and vector excitations propagate with the same speed, which at low energy can be taken to be the
speed of light. The field equations for the gauge vector in the non-relativistic theory have exactly
the same form as the relativistic electromagnetic field equations arising from the Kaluza-Klein
reduction of General Relativity, and are equal to them for a particular value of one of the coupling
constants. The potential in the Hamiltonian is a polynomial of finite degree in the gauge vector
and its covariant derivatives.
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I. INTRODUCTION
Horˇava-Lifshitz gravity [1] is a candidate for a perturbatively renormalizable theory of
quantum gravity [2–16]. The main idea is to break the Lorentz symmetry in order to allow
higher order spatial derivative terms in the potential which improve the quantum behaviour
of the theory without the introduction of ghost fields [17]. There is no space-time metric
in the formulation since there is an anisotropic scaling of the time and space coordinates.
The geometrical framework is a foliation with Riemannian leaves parametrized by the time
variable. The theory is manifestly invariant under the diffeomorphisms that preserve the
foliation. Only reparametrizations of the time variable are allowed. Besides this Riemannian
geometry the theory introduces the lapse function and shift vector as fields defined on the
leaves parametrized by the time coordinate. This formulation allows the lapse function to
have different dimensions than in a space-time formulation. Moreover, the overall coupling
constant of the action becomes dimensionless. The Horˇava-Lifshitz gravity may also arise
from the gauging of the Newton-Cartan geometry [18].
In this work we consider the non-projectable version of the Horˇava-Lifshitz gravity in 4+1
dimensions, and perform a Kaluza-Klein (KK hereinafter) reduction to 3 + 1 dimensions.
The main goal will be the analysis of the gravity-vector interaction. Our final objective is
to regard the resulting theory in 3+1 dimensions as a fundamental, self-consistent, theory
of gravity with couplings. Hence there is no need of embedding it into a more fundamental
theory. In the same way that the pure Horˇava theory is power-counting renormalizable, we
expect that the resulting coupled theory obtained by means of the dimensional reduction
is also a power-counting renormalizable in 3 + 1 dimensions. In this approach the fourth
spatial dimension is not physical. Therefore, the dimensional reduction we employ is a
mathematical approach to obtain the final and self-consistent theory in 3+1 dimension.
Once the 3+1 theory with couplings has been obtained one can study any aspect of its
dymanics. We remark that, although the purely gravitational nonprojectable Horˇava theory
in 3+1 dimensions is well established, the issue of its couplings to fields and other matter
sources is still an open question. Our approach gives an answer in this sense. With regards
to vector fields, the Horˇava theory is frequently coupled to the relativistic energy-momentum
tensor of the electromagnetic field. However, this approach is not natural in the framework
of the FDiff symmetry of the Horˇava theory. For this reason in this work we take the point
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of view of starting from a FDiff-invariant theory from the very beggining.
The Horˇava theory in 4 + 1 dimensions includes up to z = 4 interaction terms in the
potential. In order to preserve the invariance under diffeomorphisms on the leaves of the
foliation these terms in the potential have to be constructed in terms of the 4-dimensional
Riemannian tensor, the lapse function and covariant derivatives of them [2]. Once this
requirement is satisfied one may dimensionally reduce to 3 + 1 dimensions a la KK. The
same approach for GR in 4 + 1 dimensions gives rise to the relativistic coupling of gravity
and electromagnetism in 3 + 1 dimensions. Hence our approach will determine how far the
anisotropic coupling to the vector field in Horˇava-Lifshitz theory is from the relativistic one.
This is a relevant point since electrodynamics is a very well established theory. The resulting
coupled Horˇava theory in 3+1 dimensions has both z = 1 and z = 2, 3, 4 terms. The former
are the dominant ones in the physics of the large distances (infrared limit). Since we want
to contrast with the standard coupling of electromagnetism with general relativity, at the
level of the 3 + 1 theory we take the infrared limit by discarding all the z = 2, 3, 4. In this
way we will end up with a theory of second order in time and spatial derivatives. We notice
that for this limit we do not need the explicit expression of the z = 2, 3, 4 terms of the 4+ 1
theory.
The Horˇava theory has a critical point for the dimensionless coupling constant of the
kinetic term, λ, which is equal to the inverse of the spatial dimensions. This point was
called the kinetic-conformal point in Ref. [13]. In the 4+1 theory this point correspond
to λ = 1/4. At this point the extra scalar mode is droped out from the phase space (see
[19] for the 3+1 case). Consequently, the Hamiltonian formulation of this special case is
not continuosly connected to the Hamiltonian formulation of the rest of values of λ. In
particular, two additional second-class constraints arise in the Hamiltonian formulation of
the kinetic-conformal case. For consistency, any analysis made within the framework of the
Hamiltonian formulation must be done separetely for the λ 6= 1/4 and the λ = 1/4 cases.
In section II we present the Horˇava-Lifshitz theory in 4 + 1 dimensions, we distinguish
the λ 6= 1/4 and λ = 1/4 theories. In section III we analyze the 3 + 1 theory following a
KK reduction. In section IV we discuss the gauge vector field equations and compare to the
Maxwell equations. In section V we consider in particular the λ = 1/4 theory. Finally in
section VI we give our conclusions.
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II. HORˇAVA-LIFSHITZ IN FIVE DIMENSIONS
We consider a five dimensional manifold foliated by four dimensional Riemannian leaves
with metric Gµνdx
µ ⊗ dxν , µ, ν = 1, 2, 3, 4, and parametrized by a time variable. Be-
sides a four vector Nµ and a scalar N under diffeomorphims on the Riemannian foliation
are introduced, the shift and the lapse respectively. Both are scalar densities under time
reparametrizations. The Horˇava-Lifshitz action on this geometrical framework is given by
S (Gµν , Nρ, N) =
∫
dtdx4
[
N
√
G
(
KµνK
µν − λK2 + β(4)R + αaµaµ
)
− V (Gµν , N)
]
, (1)
where aµ = ∂µLnN and KµνK
µν − λK2 is the kinetic term and the remaining terms de-
scribe the potential of the theory. We have written explicitly the lowest order terms in
spatial derivatives, the higher order ones are contained in V (Gµν , N), and are constructed
from powers of the four dimensional Riemannian tensor and the covariant derivatives of the
lapse N . The highest order derivative terms of the physical degrees of freedom should be at
least of order eight and with an elliptic symbol, in order to obtain a power counting renor-
malizable theory. In this section we consider the complete theory in 4+1 dimensions. In the
next section, after the KK reduction, in the perturbative analysis we will consider only the
dominant terms at large distances, which are the terms of second order in spatial derivatives.
This second order truncation in 3 + 1 dimensions is related to the Einstein-aether theory
[20–23]. Kµν is the extrinsic curvature of the Riemannian leaves,
Kµν =
1
2N
(g˙µν −∇µNν −∇νNµ) , (2)
and K its trace
K = GµνKµν , (3)
λ is a dimensionless coupling constant, while α and β are the coupling constants at low
energy in the potential of the theory.
We proceed to reformulate the action using the Hamiltonian formalism [24–27]. To do
so we have to distinguish the λ 6= 1/4 and λ = 1/4 cases. At λ = 1/4 the kinetic term is
conformal invariant. This is analogous to the λ = 1/3 theory in the Horˇava-Lifshitz gravtiy
in 3 + 1 dimensions which propagates the same degree of freedom as GR and has the same
quadrupole radiative behaviour as GR [13, 19, 28]. We begin our analysis with the λ 6= 1/4
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case. The conjugate momentum to Gµν is given by
πµν =
∂L
∂G˙µν
=
√
G (Kµν − λGµνK) , (4)
and its trace by
π = Gµνπ
µν =
√
G (1− 4λ)K. (5)
Note that if λ = 1/4, there arise the primary constraint π = 0. As we commented above,
this fact leads to a different Hamiltonian formulation. The Hamiltonian density obtained
from the Legendre transformation is
H =
√
GN
[
πµνπµν
G
+
λ
(1− 4λ)
π2
G
− β(4)R− αaµaµ
]
+ 2πµν∇µNν + σPN + V (Gµν , N) ,
(6)
we have added the PN term with the Lagrange multiplier σ because the theory is subject to
a primary constraint given by the conjugate momentum to the lapse N equal to zero, since
no time derivatives of N appears in Lagrangian density.
The field equations arising from the canonical Lagrangian are the following. The con-
servation of the primary constraint, or equivalently variation with respect to N yields the
Hamiltonian constraint
πµνπµν
G
+
λ
(1− 4λ)
π2
G
− β(4)R + αaµaµ + 2α∇µaµ + δV
δN
= 0, (7)
which ends up being a second class constraint. Variations with respect to πµν gives
G˙µν =
2Nπµν√
G
+
2λ
(1− 4λ)GµνN
π√
G
+∇µNν +∇νNµ , (8)
while variations with respect to Gµν yields
−π˙µν = −1
2
NGµν
[
πλρπλρ√
G
+
λ
(1− 4λ)
π2√
G
]
+ 2N
[
πµλπνλ√
G
+
λ
(1− 4λ)
πµνπ√
G
]
+β
√
GN
[(4)
Rµν − 1
2
(4)
RGµν
]
− β
√
G
[
∇(µ∇ν)N −Gµν∇λ∇λN
]
−1
2
α
√
GNGµνaρa
ρ + α
√
GNaµaν + 2∇ρ
[
πρ(µNν)
]
−∇ρ
[
πµνNρ
]
+
δV
δgµν
,
(9)
where
A(µBν) =
1
2
(AµBν + AνBµ) . (10)
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Finally, variations with respect to Nµ determine the first class constraints of the theory
∇µπµν = 0. (11)
Variations with respect to PN yields N˙ = σ. This equation merely fixes the Lagrange
multiplier σ.
The degrees of freedom propagated by these non-linear evolution equations can be iden-
tified by means of a perturbative analysis. The theory describe six degrees of freedom in
4+1 dimensions. These are five (transverse-traceless) tensorial modes and one scalar mode.
In appendix B we show a perturbative analysis for the 4 + 1 theory.
In the next section we analyze the exact KK reduction of the Horˇava-Lifshitz in 4 + 1
dimensions. Among other properties we will determine the coupling of Horˇava-Lifshitz
gravity to the vector gauge potential and two scalar fields.
III. NON-PERTURBATIVE KALUZA-KLEIN REDUCTION TO 3+1 DIMEN-
SIONS
In this section we perform the KK reduction of the 4 + 1 full Horˇava theory in a non-
pertubative approach. We decompose the 4-dimensional Riemannian metric Gµν in the
following form
(Gµν) =

γij + φAiAj φAj
φAi φ

 , (12)
where γij is a 3-dimensional Riemannian metric. We denote det (γij) ≡ γ, thus we have
G ≡ det (Gµν) = γφ > 0, hence φ > 0. The inverse metric is then given by
(Gµν) =

 γij −Aj
−Ai 1
φ
+ AkA
k

 , (13)
where γij are the components of the inverse of γij and A
i = γijAj. The decomposition (12)
is invertible
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γij = Gij − Gi4Gj4
G44
(14)
Aj =
G4j
G44
(15)
φ = G44. (16)
We then have
πµνG˙µν = π
ij γ˙ij + p
iA˙i + pφ˙, (17)
where
pij = πij (18)
pi = 2φAjπ
ij + 2πi4φ (19)
p = πijAiAj + 2π
i4Ai + π
44. (20)
Equations (14)-(20) define a canonical transformation. In fact,
{Gµν (x) , πρλ (x˜)}PB = 1
2
(
δρµδ
λ
ν + δ
ρ
νδ
λ
µ
)
δ (x− x˜) , (21)
imply
{γij (x) , pkl (x˜)}PB = 1
2
(
δki δ
l
j + δ
k
j δ
l
i
)
δ (x− x˜) , (22)
{
Ai (x) , p
j (x˜)
}
PB
= δji δ (x− x˜) , (23)
{φ (x) , p (x˜)}PB = δ (x− x˜) , (24)
and all other Poisson brackets being zero.
The canonical Lagrangian in 4 + 1 can now be reexpressed in terms of the new fields.
We then consider the reduced theory by taking ∂4 = 0 on all fields (see appendix A). The
reduced canonical Lagrangian is then given by
L = pij γ˙ij + piA˙i + pφ˙+ PN N˙ −H, (25)
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where the Hamiltonian density is given by
H = N√
γφ
[
φ2p2 + pijpij +
pipi
2φ
+
λ
(1− 4λ)
(
pijγij + pφ
)2 − γφβ(4)R− γφαaiai
]
−Λ∂ipi − Λj
(
∇ipij − 1
2
piγjkFik − 1
2
pγij∂iφ
)
− σPN + V˜ (γij , Ak, φ, N) ,
(26)
where V˜ (γij, Ak, φ, N) corresponds to V (Gµν , N) evaluated at ∂4 = 0, that is
V˜ (γij, Ak, φ, N) = V (Gµν , N) |∂4=0, (27)
and,
(4)R = R− φ
4
FijF
ij − 2√
φ
∇i∇i
√
φ, (28)
R is the curvature and ∇i the covariant derivative associated to the 3-dimensional metric
γij. Indices are raised and lowered using γij and its inverse γ
ij. Λ and Λj are the Lagrange
multipliers associated to a combination of the constraints (11) while σ is the Lagrange
multiplier associated to the constraint
PN = 0 (29)
that is, the conjugate momentum to N equal zero. These are the primary constraints of the
formulation.
The KK reduction of the momentum constraint (11) yields a constraint corresponding to
its 4-component and another one corresponding to the rest spatial directions. After some
manipulations, we obtain that these two constraints are equivalent to
H4 ≡ ∂ipi = 0 (30)
Hj ≡ ∇ipij − 1
2
piγjkFik − 1
2
pγij∂jφ = 0 (31)
We have then obtained the KK reduction of the full Horˇava gravity in 4 + 1 dimensions.
We now analize this theory at its z = 1 limit. The conservation of these primary con-
straints is satisfied and the conservation of (29) yields the Hamiltonian constraint
HN ≡ 1√
γφ
[
φ2p2 + pijpij +
pipi
2φ
+
λ
(1− 4λ)
(
pijγij + pφ
)2 − βγφR + β
4
γφ2FijF
ij
+2βγ
√
φ∇i∇i
√
φ
]
+ α
√
γφaia
i + 2α
√
γ∇i
(√
φai
)
+
δ
δN
[
V˜ (γij, Ak, φ, N)
]
= 0.
(32)
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The Dirac’s procedure to determine the constraints of he theory ends at this step. It turns out
that (30) and (31) are first class constraints while (29) and (32) are second class constraints.
The first class constraints, once they are satisfied initially, they are preserved by the evolution
equations obtained by taking variations of the action with respect to the independent fields.
The second class ones have to be imposed at any time.
We now consider the equations of motion resulting from variations of the canonical action
with respect to pij , pi and p. They give the equations
γ˙ij =
N√
γφ
[
2pij +
2γijλ
(1− 4λ)
(
plmγlm + pφ
)]
+∇(iΛj), (33)
A˙i =
Npi√
γφ3
+ ∂iΛ +
1
2
Λjγ
jkFik (34)
φ˙ =
N√
γφ
[
2pφ2 +
2λ
(1− 4λ)
(
plmγlm + pφ
)
φ
]
+
1
2
Λi∂iφ. (35)
Variations with respect to γij, Ai and φ yield the equations of motion
p˙ij =
N
2
γij√
γφ
[
φ2p2 + plkplk +
1
φ
plpl +
λ
(1− 4λ)
(
plmγlm + pφ
)2]− N√
γφ
×
[
2pikpjk +
1
2φ
pipj +
2λ
(1− 4λ)
(
plmγlm + pφ
)
pij
]
+N
√
γφβ
[
R
2
γij
−Rij
]
+ β
√
γ
[
∇(i∇j)
(
N
√
φ
)
− γij∇k∇k
(
N
√
φ
)]
+
β
2
N
√
γφ3
×
[
F inF jn −
γij
4
FmnF
mn
]
+ β
√
γ
[
γij∂lN∂
l
√
φ− 2∂iN∂j
√
φ
]
+αN
√
γφ
[
γij
2
aka
k − aiaj
]
−∇k
[
pk(iΛj) − p
ij
2
Λk
]
+
1
2
ΛiplγjmFlm
+
1
2
pΛi∂jφ− δ
δγij
[
V˜ (γij , Ak, φ, N)
]
,
(36)
p˙i = β∂j
(
N
√
γφ3F ji
)
− 1
2
∂k
(
Λkpi − Λipk)− δ
δAi
[
V˜ (γij, Ak, φ, N)
]
, (37)
p˙ = − N√
γ
[
3
2
√
φp2 − 1
2
√
φ3
pijpij − 3
4
√
φ5
pipi +
λ
(1− 4λ)
(
3
2
√
φp2
+
ppijγij√
φ
− 1
2
(pijγij)
2√
φ3
)
− γβ
(
1
2
√
φR − 3
8
√
φF ijFij
)
− γ
2
√
φ
αaia
i
]
− β
√
γ√
φ
∇i∇iN + 1
2
∂i
(
pΛi
)− δ
δφ
[
V˜ (γij, Ak, φ, N)
]
.
(38)
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(30)-(38) are the complete set of field equations of the 3+1-dimensional theory, it describes
the gauge vector-gravity interaction together with two additional scalar fields as already
mentioned in the 4 + 1-dimension formulation of the previous section.
We may obtain the perturbative equations directly from this 3 + 1-formulation (in ap-
pendix B we compare with a perturbative analysis in 4 + 1 dimensions). In this analysis we
only consider the interacting terms of second order in derivatives. The background is the
3D Euclidean space plus the background conditions for the rest of field variables. They are
given by
γˆij = δij , pˆ
ij = 0 , Nˆ = 1 , Aˆi = pˆ
i = 0 , φˆ = 1 , pˆ = 0 , Nˆi = Nˆ4 = 0 . (39)
The perturbations around this background are defined by introducing the variables hij , Ωij ,
n, ni and n4 in the following way
γij = δij + ǫhij , p
ij = ǫΩij , Ni = ǫni, N4 = ǫn4, N = 1 + ǫn. (40)
For the scalar φ and the vector Ai fields we have
Ai = ǫξi, p
i = ǫζi, φ = 1 + ǫτ, p = ǫχ. (41)
The perturbative expressions at linear order in ǫ for the Lagrange multipliers Λ and Λi
coincide with the corresponding ones to N4 and Ni, respectively.
The linearized equations of motion become
τ˙ = 2χ+
2λ
(1− 4λ) (χ + Ω) , (42)
χ˙ = −β
2
∆h− β∆n, (43)
ξ˙i = ζi − ∂in4, (44)
ζ˙i = β∂j (∂iξj − ∂jξi) , (45)
h˙ij = 2Ωij +
2δijλ
(1− 4λ) (Ω + ξ) + 2∂(inj), (46)
Ω˙ij = −β
2
(
δij − ∂i∂j
∆
)
∆h +
β
2
∆hij − β
(
δij −
∂(i∂j)
∆
)
∆
(
n+
τ
2
)
. (47)
Besides, from the constraints we have
∂iΩij = 0 (48)
β∆τ + 2α∆n+ β∆h = 0. (49)
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In order to identify the physical degrees of freedom propagated at linearized level we use the
orthogonal transverse/longitudinal decomposition (see Eqs. (B20) and (B21) of appendix
B), obtaining
ξ˙Ti = ζ
T
i . (50)
ζ˙Ti = β∆ξ
T
i , (51)
so, combining (50) and (51) we get the following wave equation for the vector excitation,
ξ¨Ti − β∆ξTi = 0. (52)
This implies that the vector excitation propagates with speed
√
β. From equations (46) and
(47) we obtain the following wave equation for the graviton
h¨TTij − β∆hTTij = 0 . (53)
We remark that the graviton has the same speed of propagation that the gauge vector, i.e,
√
β. The longitudinal modes ξL and hLi are gauge modes. They are not physical excitations.
The remaining terms obtained from the decomposition of the equations (46) and (47) are
h˙T = 2ΩT +
4λ
(1− 4λ)
(
ΩT + χ
)
, (54)
Ω˙T = −β
2
∆hT − 2β∆n− β∆τ, (55)
and the longitudinal terms
ni +
λ
(1− 4λ)
∂i
∆
(
ΩT + χ
)
= 0, (56)
The above equation (56) allows to determine ni. So, solving (49) for ∆n we get
∆n = − β
2α
(
∆τ +∆hT
)
, (57)
and combining it with (42), (43), (54) and (55) we obtain
h¨T − 2τ¨ = β∆ (hT − 2τ) (58)
h¨T + τ¨ =
β
α
(1− λ) (3β − 2α)
(1− 4λ) ∆
(
hT + τ
)
. (59)
Therefore, we have that the 3+1 theory describes the propagation of six degrees of freedom.
They are two transverse-traceless tensorial modes, which are the same modes of GR, two
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transverse vectorial modes, as in Maxwell theory, and two scalar modes. We may interpret
one of these scalar, hT+τ , as being part of the gravitational interaction of the Horˇava theory,
that is, the so-called extra mode of the Horˇava theory. The other scalar, hT − 2τ , can be
interpreted as part of the coupling to the matter fields resulting from the KK reduction.
Indeed, the same KK reduction on GR relativity gives raise to the hT − 2τ scalar in the
3 + 1 dimensions. The fact that the factor 1 − 4λ arises in the denominator of the right
hand side of Eq. (59) signals that the case λ = 1/4 is a critical point of the theory, as we
have commented. The dynamics in this case is different, and not continously connected, to
the λ 6= 1/4 case due to the dropping out of this scalar mode.
IV. THE ELECTROMAGNETIC FIELD EQUATIONS IN HORˇAVA FORMULA-
TION
In this section we analyze in detail the dynamics of the vectorial sector, considering the
large distance limit, for which we retain only the z = 1 terms. This is equivalent to discard
the higher order potential V . Let us analyze in more details equations (30), (34) and (37).
Since (30) is a first-class constraint it generates a gauge transformation on Ai,
δAi = {〈ζ∂jpj〉, Ai (x)}PB = ∂iζ (x) , (60)
where
〈ζ∂ipi〉 =
∫
d3x˜ζ (x˜) ∂ip
i (x˜) . (61)
The action and field equations are invariant under this gauge transformation. Note that
this holds even including the higher order terms represented by V , since the constraint (30)
keeps its form unaltered, and it is also independent of all coupling constants. Λi are Lagrange
multipliers associated to the first class constraints (31), they can be fixed to zero in order
to simplify the analysis of (34) and (37). If we denote A0 ≡ Λ and
F0i ≡ A˙i − ∂iA0 , (62)
F 0i ≡ − 1
N2
γijF0j , (63)
then solving pi in (34) and substituting it in (37), we obtain the equation
∂0
(
F 0iN
√
γφ3
)
+ β∂j
(
F jiN
√
γφ3
)
= 0. (64)
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We now may compare with the standard Maxwell theory written in relativistic variables.
To this end, using the field variables of the 3 + 1 Horˇava theory, we may build a four-
dimensional metric gµν decomposed in the standard ADM way,
g00 = −N2 + γijN iN j
g0i = gi0 = Ni, Ni = γijN
j (65)
gij = γij,
with inverse given by
g00 = − 1
N2
g0i = gi0 =
N i
N2
(66)
gij = γij − N
iN j
N2
.
For simplicity, if we fix Ni = 0 as a gauge of the space-like diffeomorphisms on the side of
the relativistic theory, then we have that from our definition of F 0i (63),
F 0i = g0µgiνFµν , (67)
Fµν being the four-dimensional definition of the curvature of the potential Aµ, where A0 is
the Lagrange multiplier of the constraint (30), the generator of gauge transformation.
The non-relativistic electromagnetic equations are exactly the relativistic ones if β = 1.
In fact, N
√
γ =
√|g| and (64) becomes the relativistic equations of the electromagnetic
field coupled to the dilaton field. If in addition φ = 1, we have that Eq. (64) becomes
∂µ
(√
|g|F µi
)
= 0, (68)
while (30) can be expressed, when φ = 1, as
∂µ
(√
|g|F µ0
)
= 0. (69)
The speed of propagation of the gauge vector excitation is in general
√
β and it is the
same for the gravity excitation. It is interesting that this property is a consequence of
starting with a purely gravitational FDiff-invariant theory in 5-dimensions. We can now
identify the gauge vector with the electromagnetic potential. Equations (64) and (69) are
the anisotropic electromagnetic equations. We remark again that (69), arising directly from
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(30), does not involve any coupling constant. Since the potential in the Hamiltonian of the
4 + 1 complete theory is constructed from polynomial expressions in terms of the Riemann
tensor and the lapse function and its covariant derivatives up to 2z derivatives, its reduction
to 3 + 1 dimensions is a polynomial (of finite degree) in the gauge vector and its covariant
derivatives.
V. THE KINETIC CONFORMAL POINT IN 4+1 DIMENSIONS
We discuss in this section the Horˇava-Lifshitz gravity in 4+1 dimensions for λ = 1/4 and
its 3 + 1 reduction. It is a different theory with respect to the λ 6= 1/4 formulation we have
already considered. The propagating degrees of freedom are different in the two cases. The
corresponding relation in Horˇava-Lifshitz gravity in 3+1 dimensions is between the λ = 1/3
and λ 6= 1/3 theories [13, 19]. In the canonical analysis in section II, in the case λ = 1/4,
we obtain an additional primary constraint
π = Gµνπ
µν = 0, µ, ν = 1, 2, 3, 4. (70)
The Hamiltonian density in this case is given by
H = N
√
G
[
πµνπµν
G
− β(4)R − αaµaµ
]
+ 2πµν∇µNν + σPN + µπ + V, (71)
where σ and µ are Lagrange multipliers associated to two primary constraints, as before PN
is the conjugate momentum to N . Additionally
∇µπµν = 0 (72)
is the primary constraint associated to the invariance under the diffeomorphisms on the
Riemannian leaves of the 4 + 1 foliation. It is a first-class constraint, it is preserved under
the evolution determined by the Hamiltonian.
The conservation of the primary constraints (70) and PN = 0 implies two new constraints,
the Hamiltonian constraint
πµνπµν
G
− β(4)R + αaµaµ + 2α∇µaµ + δV
δN
= 0, (73)
and
2
πµνπµν
G
+ β(4)R + (α− 3β) aµaµ − 3β∇µaµ −Gµν δV
δGµν
= 0. (74)
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The conservation of (73) and (74) determine Lagrange multipliers in the formulation. The
Dirac’s procedure to determine the complete set of constraint of the theory ends at this stage:
(70), PN = 0, (73) and (74) are second class constraints, (72) are first class constraints.
We now consider the complete set of field equations of the theory. In order to derive
them, we assume an asymptotic decay to zero of the Lagrange multipliers of the second class
constraints. It is then correct to use the Hamiltonian (71) without the explicit introduction
of the whole set of second class constraints via Lagrange multipliers [29]. The field equations
are, together with (70), (72), (73) and (74), the following ones,
G˙µν =
2Nπµν√
G
+ µGµν +∇µNν +∇νNµ, (75)
−π˙µν = −1
2
NGµν
πλρπλρ√
G
+ 2N
πµλπνλ√
G
+ β
√
GN
[(4)
Rµν − 1
2
(4)
RGµν
]
−β
√
G
[
∇(µ∇ν)N −Gµν∇λ∇λN
]
− 1
2
α
√
GNGµνaρa
ρ + α
√
G
×Naµaν + 2∇ρ
[
πρ(µNν)
]
−∇ρ
[
πµνNρ
]
+ µπµν +
δV
δGµν
.
(76)
We now introduce the KK ansatz given by (12) and (13). We can perform the canonical
transformation defined in section III and impose ∂4 = 0 on the fields to obtain a 3 + 1
formulation. The Hamiltonian in this formulation becomes
H = N√
G
[
φ2p2 + pijpij +
pipi
2φ
− βG(4)R− αGaµaµ
]
− 2
[
∇µπµν
]
Nν
+σPN + µ
[
pijγij + pφ
]
+ V˜ ,
(77)
where (4)R has the expression (28) and V˜ is defined in (27).
A perturbative analysis can be done in order to identify the physical degrees of freedom.
In this case we do not consider the higher order terms. Following the analysis in section III,
we obtain the perturbative equations
h¨TTij = β∆h
TT
ij (78)
A¨Ti = β∆A
T
i (79)
φ¨ = β∆φ (80)
hT = φ, (81)
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that is, comparing with the λ 6= 1/4 theory there is only one propagating scalar field. All
physical modes propagate with the same speed
√
β. The longitudinal components hLi , A
L
are gauge modes. We notice that the propagating degrees of freedom are the same to the
ones in GR in interaction with the electromagnetic and the dilaton fields arising from a KK
reduction of GR in 4+1 dimensions. Although the Horˇava’s theory at the kinetic conformal
point we are considering breaks the relativistic symmetry, it propagates the same degrees of
freedom as the corresponding one in GR.
The non-relativistic electromagnetic field equations are the same as in the previous sec-
tion, however the other field equations are different, in particular a new second class con-
straint appears in this formulation compared to the λ 6= 1/4 theory.
It is important to discuss the field equations obtained from the Hamiltonian in this
section, equation (77), and in section III in comparison to the field equations arising from
an action in which it is assumed that the scalar field φ is in its ground state, which we take
to be φ = 1, p = 0. In fact, variations of an action subject to the restriction φ = 1, p = 0
give rise to field equations which are not equivalent to the ones in this section or in section
III on which one imposes the φ = 1, p = 0 restriction.
It is straightforward to obtain the equations from the action restricted by φ = 1 and p = 0.
In fact, variations with respect to γij, p
ij, Ai, p
i determine the same field equations obtained
by taking variations of the canonical Lagrangian associated to (77), in the λ = 1/4 case,
and imposing afterwards φ = 1, p = 0. The main difference being that in the restricted case
there are not field equations corresponding to variations on φ and its conjugate momenta.
The analysis of the field equations in the restricted case show that the only physical degrees
of freedom in the theory correspond to the hTTij tensorial modes and the A
T
i vectorial modes.
The corresponding perturbation equations are (78) and (79).
VI. CONCLUSIONS
We have obtained the gravitational theory of Horˇava in 3+1 dimensions coupled to vector
and scalar fields in a FDiff-invariant way. We have used a procedure of dimensional reduction
starting with a purely gravitational nonprojectable Horˇava theory in 4+1 dimensions. These
are in principle power counting renormalizable theories provided all z = 4 interaction terms
are included in the potential. This a relevant point because in some cases the coupling
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to matter fields may damage the behaviour of the divergences of the vacuum theory. For
example it is known [30] that pure GR is finite at one loop but it is badly divergent at one
loop when a scalar field is coupled to it.
In the 3+1 coupled theory there arise a gauge symmetry in the vectorial sector, equivalent
to the gauge symmetry of the Maxwell electromagnetism on a curved background. The gauge
symmetry is generated by the same first class constraint as in the electromagnetic-gravity
theory in GR. Moreover, the field equations for the gauge vector have the same structure
as in the relativistic case. In particular if we take β = 1, the Horˇava-Lifshitz theory is
still an anisotropic formulation of the gravity-electromagnetic interaction in which the field
equations for the gauge vector are exactly the Maxwell equations on a curved background.
By means of a perturbative approach, we have identified the excitations of the gravitational,
vector and scalar fields. With respect to the speed of propagation of the graviton and the
gauge vector field, it is the same velocity
√
β for both excitations.
We have obtained the Hamiltonian, field equations of the theory and determine the
propagating degrees of freedom. We have separated the λ 6= 1/4 and the λ = 1/4 cases,
since they correspond to two different dynamics of the physical degrees of freedom. In
the λ 6= 1/4 case, the physical degrees of freedom are the same as the ones in the grav-
ity+electromagnetic+dilaton interaction described in GR, plus an additional scalar mode.
In the λ = 1/4 theory, the additional scalar mode is absent, because the different structure
of the constraints. This is an extension of same result in [13, 19] for the pure Horˇava-Lifshitz
gravity at the kinetic conformal point, λ = 1/3 in that case. It is interesting that the in-
troduction of the interaction of gravity with the gauge vector and dilaton fields shifts the
kinetic conformal point from λ = 1/3 to λ = 1/4. This is an important point.
A further step could be to analyze explicitly the higher order terms in the potential and to
analyze the non-linear, non-relativistic extension of the Maxwell equations. We remark that
the new non-linear interaction terms are necessarily polynomial of finite degree in the gauge
vector field and its covariant derivatives, since the metric and its inverse are polynomial in
the gauge vector field. This is different to the couplings arising in some other theories, like
the Born-Infeld theory, where the expansion in the field strenght is an infinite serie.
We have also commented on the case when the dilaton field is in its ground state. That is,
the case when φ is constant in the Lagrangian. The theory in that case propagates only the
gravity and electromagnetic excitations, the transverse traceless components of the metric
17
and the transverse gauge vector components just as in GR or Maxwell equations.
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Appendix A: Kaluza-Klein reduction for Lifshitz-like theories
We take an anisotropic scalar-field model represented by the real scalar field φ, which
depends on D + 1 spatial dimensions and the time t. The spatial base manifold is a D + 1
flat manifold that has a compact component of large 2πL. We use the coordinate y to
parameterize the compact dimension, whereas xi labels the rest of spatial coordinates. We
consider a Lifshitz model of z = 2 order of anisotropy. The action of the model is
S =
∫
dtdDx
2piL∫
0
dy
(
(∂tφ)
2 + αφ∆˜φ+ βφ∆˜2φ
)
, (A1)
where ∆˜ is the flat spatial Laplacian in the D + 1 spatial dimensions,
∆˜ = ∆ + ∂yy , (A2)
∆ is the flat Laplacian in the D dimensions, and α, β are coupling constants.
We introduce the Fourier expansion of the scalar field, namely
φ(t, xi, y) =
∞∑
m=−∞
φm(t, x
i)e
im
L
y , (A3)
where the modes φm are restricted in order to the field φ(t, x
i, y) be real. The action for the
Fourier modes becomes
S = 2πL
∞∑
m=−∞
∫
dtdDx
[
−φmφ¨m + αφm
(
∆−
(m
L
)2)
φm + β
(
φm∆
2φm
−2
(m
L
)2
φm∆φm +
(m
L
)4
φ2m
)] . (A4)
We emphasize that this is equal to the action (A1) since the Fourier expansion for φ ∈ C∞(Σ)
converges pointwise. The field equation for m 6= 0 is given by
− φ¨m + α∆φm + β∆2φm − α
(m
L
)2
φm − 2β
(m
L
)2
∆φm +
(m
L
)4
φm = 0 . (A5)
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For each given m 6= 0, we take the L→ 0 limit. In this equation there are several coefficients
that diverge,
(
m
L
)4
being the one of highest order. Therefore, for the existence of the solution
in this limit it is neccessary that φm = 0 for all m 6= 0.
The field equation for m = 0 is
− φ¨0 + α∆φ0 + β∆2φ0 = 0 . (A6)
This equation can be obtained from the following action in one dimension less,
SKK =
∫
dtdDx
(
−φ0φ¨0 + αφ0∆φ0 + βφ0∆2φ0
)
. (A7)
Appendix B: The degrees of freedom in 4 + 1 dimensions
Here we perform a linear-order perturbative analysis on the 4 + 1 theory around an
Euclidean four dimensional background together with the backgorund conditions for the
rest of canonical variables. In this analysis we only consider the z = 1 terms, hence we
neglect the interacting terms in V . The background is given by
Gµν = δµν , π
µν = 0, together with Nµ = 0, N = 1 . (B1)
We introduce the pertubative variables according to
Gµν = δµν + kµν
πµν = Ωµν (B2)
Nµ = nµ
N = 1 + n .
We obtain to first order
(4)Rµν =
1
2
∂λ∂νkµλ +
1
2
∂µ∂λkνλ − 1
2
∂µ∂νkλλ − 1
2
∆kµν (B3)
(4)R = ∂µ∂λkµλ −∆kµµ. (B4)
We will use the T + L decomposition of the four dimensional tensors,
kµν = k
TT
µν +
1
3
(
δµν − ∂µ∂ν
∆
)
kT + ∂νk
L
µ + ∂µk
L
ν . (B5)
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We obtain,
(4)Rµν − 1
2
G(4)µνR = −
1
2
∆kTTµν +
1
3
(
δµν − ∂µ∂ν
∆
)
∆kT . (B6)
From (11) we obtain
ΩL = 0 (B7)
Ωµν = Ω
TT
µν +
1
3
(
δµν − ∂µ∂ν
∆
)
ΩT .
From (8) we get
k˙TTµν = 2Ω
TT
µν (B8)
k˙T =
2 (1− λ)
(1− 4λ) Ω
T (B9)
k˙Lµ = Nµ +
λ
(1− 4λ)
∂µ
∆
ΩT . (B10)
From (9) we get
Ω˙TTµν =
β
2
∆kTTµν (B11)
Ω˙T = −β∆kT − 3β∆n, (B12)
and from (7)
β∆kT + 2α∆n = 0. (B13)
Finally, we may combine the above equations to obtain
k¨TTµν = β∆k
TT
µν (B14)
k¨T = β
(1− λ)
(1− 4λ)
(3β − 2α)
α
∆kT , (B15)
we remark that these equations are gauge independent. They describe the propagation of
the six degrees of freedom of the theory. In particular (B14) describes the evolution of 5
tensorial degrees of freedom while (B15) describes the propagation of a scalar one. It follows
that when reducing a la KK these field equations to a 3 + 1 dimensions, the 5 degrees of
freedom decompose into 2 + 2 + 1 corresponding to the graviton, two degrees of freedom
of a vector gauge field and one degree of freedom of a scalar field, all of them propagating
with the same velocity
√
β. In order to show this decomposition we assume the fields are
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independent of one spatial coordinate. We first invert the T + L decomposition, to obtain
kLν =
1
∆
∂ρkρν − 1
2
∂ν
∆
(
∂λ∂ρkλρ
∆
)
(B16)
kT = kµµ − ∂ρ∂λhρλ
∆
(B17)
kTTµν = kµν −
1
3
(
δµν − ∂µ∂ν
∆
)
kT − ∂µkLν − ∂νkLµ . (B18)
We now decompose kµν into
kij = hij
k4i = Ai (B19)
k44 = φ,
and perform a three dimensional T + L decomposition of hij and Ai
hij = h
TT
ij +
1
2
(
δij − ∂i∂j
∆
)
hT + ∂ih
L
j − ∂jhLi (B20)
Ai = A
T
i + ∂iA
L. (B21)
By replacing (B20) and (B21) into (B16), (B17) and (B18), we obtain
kLi = h
L
i
kL4 = A
L
kT = hT + φ (B22)
kTT4i = A
T
i
kTT44 =
1
3
(
2φ− hT )
kTTij = h
TT
ij −
1
6
(
δij − ∂i∂j
∆
)(
2φ− hT ) .
Finally, from (B14) we have
h¨TTij = β∆h
TT
ij (B23)
A¨Ti = β∆A
T
i (B24)
2φ¨− h¨T = β∆ (2φ− hT ) . (B25)
(B23) describes the propagation of the two degrees of freedom of the graviton, (B24) of the
two degrees of freedom of the gauge vector and (B25) of the scalar field 2φ − hT , all of
21
them propagating with velocity
√
β. In addition, we have one propagating scalar degree of
freedom described by (B15). This is in complete agreement with the results in section III,
where the perturbative analysis was done in the 3 + 1 theory.
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